From the point of view of stochastic analysis the Caputo and Riemann-Liouville derivatives of order α ∈ (0, 2) can be viewed as (regularized) generators of stable Lévy motions interrupted on crossing a boundary. This interpretation naturally suggests fully mixed, two-sided or even multidimensional generalizations of these derivatives, as well as a probabilistic approach to the analysis of the related equations. These extensions are introduced and some well-posedness results are obtained that generalize, simplify and unify lots of known facts. This probabilistic analysis leads one to study a class of Markov processes that can be constructed from any given Markov process in R d by blocking (or interrupting) the jumps that attempt to cross certain closed set of 'check-points'.
Introduction
For a general background in fractional calculus and fractional equations we refer to books [7] , [15] , [32] , [33] , see also survey [26] , for the crucial link with CTRW to [36] , [17] and [30] , and for the numerous applications in natural science to [37] and [38] , and for a physics-style review to [31] .
The aim of this paper is to present a systematic treatment of a class of equations that include fractional derivatives as very particular cases. Unlike the mostly analytic studies of fractional differential equations (see the reference above), the present treatment and the corresponding far reaching extensions of fractional derivatives are based on a probabilistic point of view. This link with probability provides a powerful tool for the study of fractional equations. It is also worth mentioning the recent activity on proving probabilistic interpretation of solutions by analytic methods, see e.g. [12] , while our approach provides such an interpretation as a starting point.
From this point of view the basic Caputo and Riemann-Liouville (RL) derivatives of order α ∈ (0, 2) can be viewed as (regularized) generators of stable Lévy motions interrupted on crossing a boundary. This interpretation naturally suggests fully mixed, two-sided or even multidimensional generalizations of these derivatives, as well as a probabilistic approach to the analysis of the related equations. These extensions are introduced leading to well-posedness results that generalize, simplify and unify lots of known facts. Some explicit solutions are also obtained. The corresponding probabilistic analysis leads one to study an interesting general class of Markov processes that can be constructed from any given Markov process in R d by blocking (or interrupting) the jumps that attempt to cross certain closed set of check-points. This analysis is only initiated in the present work. Further development, as well as the application of this technique to the study of fractional in time and space diffusion equations and to the convergence of CTRW, will be discussed in separate publications.
Of course, the people in physics have known intuitively that the Caputo and Riemann-Liouville operators reflect the boundary behavior of Lévy flights, see e.g. [5] and [23] . Thus the present paper supplies the rigorous mathematical formulation to this intuition.
The paper is organized as follows. In the next preliminary section we introduce in a convenient form the main objects of fractional calculus, the Caputo and RL derivatives.
In Section 3 we explain in detail the probabilistic meaning of these derivatives and their natural place in stochastic analysis leading, on the one hand side, to far reaching generalizations, and on the other hand, to a unified treatment of various equations by powerful tools of stochastic analysis. We distinguish the cases of β ∈ (0, 1) and β ∈ (1, 2) , because in the first case the Caputo derivative has a direct probabilistic interpretation and in the second an additional regularization is needed. We also treat separately a multi-dimensional extension, as it includes one additional ingredient, the projection of a jump on a boundary.
The final Section 4 initiates the rigorous theory of the equations and processes introduced above by providing some basic examples (not at all exhaustive) of well-posedness results and explicit solutions that can be obtained by these tools, with main attention restricted to the analogs of the derivatives of order β ≤ 1.
Appendix derives some equivalent versions of basic fractional derivatives mentioned in the next section without proof. These calculations should be obvious for specialists in fractional calculus and are given here for completeness.
We shall denote by 1 M the indicator function of a set M .
Preliminaries: Classical fractional derivatives
For convenience we recall here the basic definitions of fractional derivatives and their equivalent representations fitting our purposes.
We shall repeatedly use the Euler identity Γ(x) = (x − 1)Γ(x − 1) for the Euler Gamma-function whenever appropriate without mentioning it.
Due to the formula for the iterated Riemann integral I n a f (x) = 1 (n − 1)! x a (x − t) n−1 f (t)dt, (2.1) it is natural to extend it analytically, if x > a, to complex n with positive real part, leading to the following definition of the (right) fractional or Riemann-Liouville (RL) integral of order β (with positive real part):
Notice that for x < a, we have negative numbers (x − t) in power n − 1, so that the corresponding extension to complex (or even real) n leading to the so-called left RL integrals have some subtleties to be discussed later.
Noting that the derivation is the inverse operation to usual integration, the above definition suggests two notions of fractional derivative, the socalled RL (right) derivatives of order β > 0, β / ∈ N: (2.3) and the so-called Caputo (right) derivative of order β > 0, β / ∈ N, x > a:
4)
where n is the maximal integer that is strictly less than β + 1.
Straightforward integration by parts (see Appendix) show that, for smooth enough f and β ∈ (0, 1), x > a,
In particular, it follows that for smooth bounded integrable functions, the right RL and Caputo derivatives coincide for a = −∞, β ∈ (0, 1), and one defines the fractional derivative in generator form as their common value:
(2.8) Analogously (see Appendix for detail), for smooth enough f and β ∈ (1, 2), x > a, one finds that
Again for smooth bounded integrable functions, the right RL and Caputo derivatives coincide for a = −∞, β ∈ (1, 2), and one defines the fractional derivative in generator form as their common value:
(2.12) Turning to the left derivative notice that for x < a formula (2.1) rewrites as
suggesting several possible normalizations for the analytic continuation in n and the corresponding inversions (fractional derivatives). We are interested only in the derivatives of order less than 2. For a unified probabilistic interpretation of these derivatives it is convenient to choose the left versions of (2.3), (2.4) as follows. For β ∈ (0, 1):
(2.15) for β ∈ (1, 2):
(2.17)
When β ∈ (0, 1) and x < a, similar calculations as for the right derivative (see (5.1)) lead to the following analogs of (2.5), (2.6) :
For smooth bounded integrable functions the left fractional derivatives in generator form become
(2.25) for β ∈ (0, 1) and β ∈ (1, 2) respectively.
It is straightforward to see that the pairs of operators (2.8), (2.24) and (2.12), (2.25) are dual in the sense that (1, 2) and sufficiently regular functions f, g, where the pairing (f, g) denotes of course the usual L 2 -product: (f, g) = f (x)g(x)dx. This fact also justifies the notation d β /d(−x) β , since for β = 1 the operators d/dx and −d/dx = d/d(−x) are dual.
Probabilistic interpretation and extensions of RL and Caputo derivatives
3.1. The case β ∈ (0, 1), d = 1. It is well known that the operators −d β /d(−x) β and d β /d(−x) β from (2.24) and (2.25) respectively are the generators of stable Lévy motions without negative jumps, the (annoying) discrepancy in the sign reflects the fact that Γ(−β) < 0 for β ∈ (0, 1) and Γ(−β) > 0 for β ∈ (1, 2). In particular, for β ∈ (0, 1), the corresponding Lévy process is a stable subordinator (an increasing process). Similarly, the operators −d β /dx β and d β /dx β for β ∈ (0, 1) and β ∈ (1, 2) respectively generate stable Lévy motions without positive jumps, which can be obtained by inversion of the processes generate by −d β /d(−x) β and
For details on these links see e. g. [28] , Ch. 3 and [20], Ch. 1 and 8.
Let us now look specifically at the decreasing process X(t) generated by A = −d β /dx β , β ∈ (0, 1). Let us modify it by forbidding it (interrupting on an attempt) to cross a boundary x = a with an a ∈ R, that is, all jumps aimed to land to the left of the chosen barrier-point a are forced to land exactly at a. Analytically, this procedure means changing the generator A to
x > a, which rewrites as
In this expression we recognize the Caputo derivative (2.4), with inverted sign. Killing the process at the boundary-point x = a means analytically to set f (a) = 0, in which case (3.1) turns to RL fractional derivative (with inverted sign).
We conclude that the transition from the free derivative d β /dx β to the Caputo right derivative at a is a particular case of the procedure of interrupting a decreasing process on crossing a boundary. Namely, let an operator
generate a decreasing Feller process. Then the corresponding process interrupted (and hence stopped) at a boundary x = a has the generator
Similarly, the transition from the free derivative d β /d(−x) β to the Caputo left derivative at a is a particular case of the procedure of interrupting an increasing process on crossing a boundary, that is, the transition from a process on R generated by
to the process on the interval (−∞, a] generated by
From this point of view, the natural extension of this procedure to the general processes of bounded variation generated by the operators
is a transition to the process in a given interval [a, b] with arbitrary −∞ ≤ a < b ≤ ∞ with jumps interrupted on an attempt to cross the boundary (i.e. all jumps aiming to land outside [a, b] are forced to land on its nearest point), that is the process generated by the operator
(3.7) To deal with fractional derivatives we are mostly interested in the motion inside [a, b] . However, for the analysis it is convenient to be able to have the corresponding process extended to all R. This can be done in various ways, though two natural approaches can be distinguished. In the first one all jumps are supposed to be restricted to jump in the direction of D only, for instance one can choose the extension of A [a,b] to all x is given by the expression
(3.8)
In the second approach we stick to the idea of interruption on crossing the boundary, so that D and its complement are treated symmetrically. To present this approach in a proper generality assume a finite set
For any x ∈ R let us now define b + (x) and b − (x) as the nearest point of B to the right and to the left of x respectively (x excluded in both cases even if x ∈ B). Then the modification of the process on R generated by (3.5), with jumps interrupted on crossing B (think of B as a set of road blocks or check points placed to control the free motion given by A) can be specified by the generator
In order to study the fractional differential equations in intervals we can choose to work with the processes given by (3.8) or (3.9), as their behavior until they reach the boundary ∂D is identical. For more general domains D these different extensions can lead of course to different problems.
In [19] , [20] the author referred to generators of type (3.5) as to the generators of order at most one aiming to stress that they can be considered as fully mixed fractional derivatives of order not exceeding one.
If we kill the process generated by A at the boundary, the generator (3.7) turns to
for x ∈ (a, b), which represents the corresponding extension of RL fractional derivative. Therefore, from the probabilistic point of view, the natural extension of the basic linear fractional equation
with initial condition f a = f (a) and λ > 0 given, is the problem of finding f on [a, ∞) satisfying
with A a+ given by (3.3) , that is the equation
This equation includes the extensions of (3.11) with various mixed fractional derivatives, that is, the problem
with some finite collection of numbers ω j > 0 and β j ∈ (0, 1) or even more exotic versions with ω j or β j being functions of x. Mixed derivatives and related fractional equations are actively studied recently by analytical methods, see e. g. [8] , [33] , [34] , [13] . Moreover, it is now natural to formulate the two-sided version of (3.11) as the equation
, which represents the simplest case of a more general equation ] given by (3.8) . In particular, the mixed-derivatives extension of (3.14) is the problem
16) with some collection of numbers (or, more generally, functions) ω j > 0, γ j > 0, β j ∈ (0, 1) and λ > 0 extending for instance the problem considered in [11] . The well-posedness for this problem is covered by Theorem 4.2 below.
As solutions to the equation D a+ f (x) = g(x) with a given g and initial condition f (a) = a can be given in terms of fractional integrals, the twosided analog of fractional integral becomes the solution to the problem
with given f a , f b and g on [a, b], which again represents the simplest case of a more general problem 18) or with the linear term included
suggesting a new class of extensions of the notion of fractional integral, which is alternative to a more classical one, see [16] , which is based on the variations of special functions used as the kernels (which is natural from an analytic perspective). 
which is equivalent to
Particular examples of boundary value problems with fractional derivatives are actively studied, mostly by analytical techniques, see e. g. [14] , [15] or [29] and references therein, for distributed or mixed derivatives see also [27] , [12] and [39] . 3.2. The case β ∈ (0, 1), d > 1. Let us now turn to the multidimensional extension of this interruption procedure. The analog of the RL derivative arising from a process in R d and a domain D ⊂ R d is the generator of the process killed on leaving D. For the Caputo version this is more subtle, as we have to specify a point where a jump crosses the boundary. Below we choose the most natural model assuming that a trajectory of a jump follows shortest path (a straight line in Euclidean case). Suppose A is a generator of a Feller process X t (x) in R d with the generator of type
that is, in the terminology of [19] , [20] , a generator or order at most one. Let D be an open convex subset of R d with boundary ∂D and closurē D. For x ∈ R d and a unit vector e let L x,e = {x + λe, λ ≥ 0} be the ray drawn from x in the direction e. For x ∈ R d , let
The process X t (x) with jumps interrupted on crossing ∂D when jumping from inside D and forced to jump in the direction ofD when jumping from outside of D can be defined by the generator
which represents a multidimensional extension of the Caputo boundary operator in D arising from (3.8) .
To define a multidimensional analog of (3.9) let us assume more generally thatD is an arbitrary open subset of R d , so that B = R d \D is closed. Let us defineλ (x, y/|y|) = min{R > 0 : x + Ry/|y| ∈ B} for any y, with the convention thatλ(x, y/|y|) = ∞ if the ray L x,y/|y| does not intersect B at all, and let the projection-on-the-boundary functioñ R B (x, y) be defined for all x, y ∈ R d by the same formula (3.24), but with λ instead of λ. Then the analog of (3.9), that is the modification of the process on R d generated by (3.22) , obtained by interrupting jumps on an attempt to cross B, is specified by the generator
For a convex domain D the operators (3.25) and (3.26) with B = ∂D andD = R d \ B coincide for x ∈ D, so that when one is interested in the random motion insideD one can work with either of the processes generated by (3.25) or (3.26) and stopped on the boundary of D. As pointed out above, the process X t (x) killed on the boundary, which represents a multidimensional extension of the RL boundary operator in D arising from (3.21) , is specified by the generator
does not depend on x and is clearly the most natural one. In higher dimensions one can imagine several reasonable extensions. Our choice used above was meant to preserve the direction of a jump. Another reasonable choice could be the definition of the projection R D (x, z) as the point onD nearest to z (both choices coincide in d = 1). This would lead to a different multidimensional extension of the Caputo derivative.
Assuming for simplicity that the kernel ν has a density, ν(x; y), with respect to Lebesgue measure, consider the following three basic examples.
If D is a half space
3.3. The case β ∈ (1, 2). Let us now look at the derivatives of order β ∈ (1, 2). Interrupting the Lévy process with only negative jumps generated by (2.12) on crossing the boundary {x = a} means changing its generator to the operator
which rewrites as
This expression differs from the Caputo derivative (2.10) by the term containing f (a):
which one could expect as operator (2.10) does not have a structure that allows one to interpret it as a generator for a Markov process precisely because of this term containing f (a) (recall that Γ(−β) > 0 and Γ(1−β) < 0 here). In order to see the meaning of this correcting term, let us observe that if f ∈ C 2 [a, ∞), then, up to terms tending to zero,D β a+ f (x) behaves like
as x → a, and thus tends to ±∞ if f (a) is positive or negative respectively. Thus the subtraction of the term containing f (a) in (3.33) is a regularization ofD β a+ that makes it finite on smooth functions. On the other hand, killing the process generated by (3.33) at the boundary point x = a means setting f (a) = 0 and then (3.33) turns exactly into the Riemann-Liouville derivative
precisely as in the case β ∈ (0, 1). Extension of this procedure is thus clear. Namely, starting with a Feller process with negative jumps, say with the generator
one can form the corresponding process with jumps interrupted at a as the process generated bỹ
Its main term of asymptotics as x → a is
which is unbounded unless f (a) = 0. Thus the analog of the Caputo fractional derivative is obtained by subtracting this 'infinity': (3.40) Remark 3.3. Notice that generator (3.38) has variable coefficients even if the underlying process was a Lévy process. Hence it is not directly clear whether (3.38) generates a well defined process. This issue will be addressed in the next sections.
Similarly, one defines A a− for Feller processes with positive jumps. More generally, for any Feller process on R generated by the operator
where χ is some mollifier (that traditionally is taken as either 1 |z|≤1 or as 1/(1 + z 2 )), one defines the corresponding process with jumps interrupted on crossing an interval [a, b] as the process generated by the operator
The corresponding analog of the Caputo derivative is obtained by subtracting the singularity at the boundary points, that is, if
The analog of the Riemann-Liouville derivative is obtained fromÃ [a,b] f (x) by setting the boundary values of f to zero yielding the operator of the processes generated byÃ [a,b] f (x), but killed at the boundary: [a,b] , so that at least classical solutions for the problemÃ
The problem (3.47) can be naturally settled probabilistically.
Remark 3.4. The subtraction of singularity in definition (3.45) makes it dependent on representation (3.41). This is however not very essential for solving the corresponding fractional differential equations, because operator A is not representation dependent.
Similarly in multidimensional case the analog of the Caputo derivative can be obtained by subtracting the singularity from the generator of the process obtained from an initial one by restricting the jumps to a chosen domainD. For instance, for a Feller process generated by the operator
49)
the process with jumps restricted to land onD (stopped-on-crossing-theboundary process) for D the half-space (3.28) has the generator
(3.50) for x ∈ D, which is a direct extension of (3.29). However, unlike (3.29), A D f (x) now diverges as x tends to a boundary point if ∂f /∂x 1 (x) = 0 there. In fact, as one sees directly, the main term ofÃ D f (x) as (x 1 ,
Hence the analog of the Caputo derivative is Choosing for definiteness extension (3.8) (of (3.7) defined for x ∈ (a, b)) let
which can be represented as the sum of the generators of a decreasing process, an increasing process and a drift: Recall also that, for a domain D ∈ R d with boundary ∂D and a Markov process X
Remark 4.1. 1. A point zero for D = (0, ∞) is regular for a Brownian motion, but not regular in expectation, as Eτ D (x) = ∞ for all x ∈ D. 2. We are using the notion of a regular point arising from the theory of parabolic PDEs (see e. g. [10] or [20] ), which is different from the corresponding notion used in the theory of Lévy processes (see [24] ). for some C > 0, r ∈ (0, 1), then the point a (resp. b) is regular in expectation for the first (resp. second) process in (i).
(iv) If γ(a) < 0 (resp. γ(b) > 0), then then the point a (resp. b) is a regular in expectation boundary point of the interval (a, b) for the process generated by A [a,b] .
(v) If A [a,b] is the operator on the l.h.s. of (3.16) and ω j 0 > 0, γ j 0 > 0, where β j 0 is the unique maximum of all β j , then the points a and b are regular in expectation boundary points of (a, b) for the process generated by A [a,b] .
for We shall follow the strategy of proof from Theorem 5.1.1 of [20] . Let us now work for definiteness with A b− (other cases are dealt with analogously). Differentiating (and using straightforward cancelations) yields
Let us introduce the approximation A b− h for our operator obtained by changing ν(x, y) to ν h (x, y) = 1 |y|>h ν(x, y). For any h the operator A b− h is bounded in C(−∞, b] and hence generates a conservative Feller semigroup T h t there. Moreover, the operator on the r.h.s. of (4.9) becomes also bounded when ν is replaced by ν h , so that this equation becomes wellposed in C(−∞, b], so that T h t is also a strongly continuous semigroup in
The key observation now is that T h t are bounded in C 1 (−∞, b] uniformly in h, because the first two terms on the r.h.s. of (4.9) represent a conditionally positive operator with a negative coefficients at g, which therefore generates a positivity preserving contraction in C(−∞, b], and the last two terms are uniformly (in h) bounded operators. Hence (T h t f ) (x) (by we denote the derivative with respect to x) are uniformly bounded for all h ∈ (0, 1] and t from any compact interval whenever f ∈ C 1 ∞ (−∞, b]. Therefore, writing
Therefore the family T h t f converges to a family T t f , as h → 0, which also forms a strongly continuous semigroup in C(−∞, b].
Writing Applying to T t the procedure applied above to T h t (differentiating the evolution equation with respect to x) shows that T t defines also a strongly continuous semigroup in C 1 (−∞, b], and hence C 1 (−∞, b] is an invariant core for T t .
Remark 4.3. Notice that the semigroup T t extends also to the strongly continuous semigroup on C ∞ (R ) generated by A b− with an invariant domain C 1 ∞ , because the right condition of (4.7) ensures a smooth gluing with the value A b− f x) = 0 for x > b for any f ∈ C 1 (R).
(ii) This is quite similar and is omitted. (iii) To prove regularity of the boundary, we shall use the method of Lyapunov functions. Namely, to show that, say, b is regular for the last process in (i), it is sufficient to find a continuous function f in a neighborhood of [a, b] such that f is differentiable for x ∈ (a, b), f (b) = 0, and for x ∈ (c, b) with some c ∈ (a, b) one has f (x) > 0, A [a,b] f (x) < 0 (see Proposition 6.3.2 of [20] ). As such function one can take f ω (x) = (b − x) ω with some ω ∈ (0, 1). In fact, clearly f ω (b) = 0, f ω (x) > 0 for x < b and for x approaching b from the left,
which tends to −∞ as x → b for sufficiently small ω under the assumptions of (iii).
(iv) Using the same Lyapunov function f ω (x) = (b − x) ω one sees that the drift term always dominates the jump part part of the generator.
(v) Proving regularity in a general case can be subtle. However, for the process from (v) the same Lyapunov function f ω (x) = (b − x) ω yields the required result. 2 Theorem 4.1 allows one to solve equations involving A [a,b] or A a± by the standard techniques of stochastic analysis. Namely, let us denote by X x (t) the Markov process generated by A of (4.1) and by X *
Let us stress that the process X * x (t)[a, b] (which is interrupted but not stopped at the boundary) is generated by A [a,b] defined on the domain Let τ denote the first exit time for X *
Applying Dynkin's martingale to a function f ∈ C 1 [a, b] and Doob's optional sampling theorem for the stopping time τ (see e. g. [9] for the presentation of these two basic tools of stochastic analysis) yields
ds Hence if f is a solution to problem (3.18 ), then
Moreover, since the trajectories of X x (t) and X * x (t)[a, b] coincide till time τ this can be expressed entirely in terms of the process X x (t) as
Introducing, as is common in the theory of Lévy processes, the occupationtill-exit measure H(x, dy) on (a, b) by
allows one to rewrite (4.12) as
Thus we obtain the following result. Furthermore, to solve problem (3.19) one utilizes the process
which is known (see e. g. [9] ) to be a martingale for any f ∈ C 1 [a, b] (under the conclusions of Theorem 4.1). Again by the optional sampling theorem it follows that if f solves (3.18 ), then
(4.15) Formula (4.15) again enures uniqueness of classical solution to (3.18) and yields its integral representation in case the expectations involved in the r.h.s. of (4.15) are sufficiently regular functions of x.
As an example, let us consider problem (3.17) on the interval [a, b] = [−1, 1]. The corresponding process X x (t) of Theorem 4.2 is a symmetric Lévy motion on R with index β ∈ (0, 1). For this process all ingredients of formula (4.14) are known, see e. g. [3] : 16) and H(x, dy) has the density
Thus (4.14) yields a solution to problem (3.17) in closed form. Some formulas for exit probabilities are also available for nonsymmetric Lévy motions, see [35] and [25] , thus yielding explicit solutions to a slightly more general (compared to (3.17)) problem
with arbitrary positive constants α 1 , α 2 . Similar results hold for the equations on a half-line involving the operators A a± .
4.2.
The case β ∈ (0, 1), d > 1. Let us now consider operator (3.21) assuming again for simplicity that the kernel ν has a density, ν(x, y), with respect to Lebesgue measure.
The killed processes generated by (3.27 ) (which are well studied for Lévy processes, see e. g. [4] ) are generally easier for analysis than stopped processes. Therefore we concentrate on the analysis of operator (3.25) , which is more involved. Let us consider only the case when D is the semispace D b or the band D (a,b) , see (3.28) , (3.30) , where A D is given by (3.29) and (3.31) .
In what follows we have to use a rather ugly additional condition
with a constant C, where
Its reasonability relies on the fact that it holds for stable-like processes in we get semigroups T h on C ∞ (D), which are uniformly bounded and preserves twice continuous differentiability with respect to the second variable x 2 and bounds to these derivatives. This holds because differentiation of the equationḟ = A D f with respect to x 2 does not feel the boundary so-to-say, that is we get d dt
and similarly for the second derivative in x 2 (with h and without it). The problem arises when differentiating the equationḟ = A D f with respect to x 1 yielding the equation
(other terms cancel as in one-dimensional case) for g = ∂f /∂x 1 . Similar equation hods for ν h instead of ν. Because of assumed symmetry of ν this rewrites as
where θ ∈ (0, 1) so that, for ∂ 2 f /∂x 2 bounded by a constant c, φ is bounded:
Equation (4.23) rewrites in the mild form as
By (4.19), the last term in (4.24) is uniformly bounded, and hence equation (4.24) and its versions with ν h instead of ν have uniformly bounded solutions for bounded g 0 . Hence we can now complete the proof as in Theorem 4.1.
2
One can now get a direct multi-dimensional version of Theorem 4.2 for the boundary value problems
with g in D and φ on ∂D given, which represent the simplest multidimensional analogs of linear equations with the Caputo derivatives. Alternatively, one can also analyze such problems via the reduction to killed processes (that is, to the analogs of RL derivatives), see Remark 3.1. We shall not go into detail of general domains D here, but note that the problem
for A generating a stable Lévy process in R d and D the ball D = {y ∈ R d : |y| < r} can be solved explicitly, using multidimensional extensions of formulas (4.16) and (4.17) given also in [3] . ∈ (1, 2) . For the case β ∈ (0, 1) above we constructed the interrupted process on its own and then look at its stopping, which is quite natural. However, as we noted, the boundary-value problems (at least in one-dimensional case) for corresponding operators can be expressed in terms of the initial process stopped at the boundary. We shall follow this approach here, as the study of interrupted process becomes rather subtle. Let us reduce our attention to one-dimensional processes only generated by the operators The question of whether such an operator generates a uniquely defined process is non-trivial already in the case of this simple A, which can be looked at as the fully mixed-order fractional derivative. To go ahead, we shall use additional assumptions of regularity and monotonicity. The following statement is a particular case of Theorem 4.1 of [18] : are non-decreasing and non-increasing respectively for any a > 0. Then the operator A generates a Feller process X t (x) on R and a Feller semigroup with the space C 2 ∞ (R) being an invariant core. The process X t (x) is stochastically monotone (but we will not use this latter fact). be the operator representing the corresponding process X * x (t)[a, b] interrupted on an attempt to cross the boundary of [a, b] (the processes on (−∞, b] or [a, ∞) with a one-sided boundary are considered analogously and will not be looked at) and
The case β

Next, let −∞ < a < x < b < ∞ and let
the corresponding analog of Caputo's derivative (see (3.45)). As above, Theorem 4.5 allows us to apply the standard tools of stochastic calculus. Namely, let f ∈ C 2 [a, b] such that f (a) = f (b) = 0. Then we can continue it to all R by setting f (x) = f (b) for x > b and f (x) = f (a) for x < a and it will become a bounded continuously differentiable function on R. Denoting as above by τ the exit time from (a, b), that is τ = inf{t : X t (x) / ∈ (a, b)} and applying to f Dynkin's martingale we get again (4.12), or else (4.14), using the kernel H(x, dy) defined by (4.13) and assuming f solves problem (3.47) with λ = 0. As was noted solutions to (3.47) solve also (3.48 ) under the additional assumption that the first derivative of the solution vanishes on the boundary, which yields a rather tamed (and expected) non-uniqueness for (3.48).
Appendix
For completeness we deduce here the expressions (2.5), (2.6) and (2.9), (2.10) from the original definitions.
